3D non-Fermi liquid behavior from 1D quantum critical local moments by Classen, Laura et al.
3D non-Fermi liquid behavior from 1D quantum critical local moments
Laura Classen, Igor Zaliznyak, and Alexei M. Tsvelik
Condensed Matter Physics and Materials Science Division,
Brookhaven National Laboratory, Upton, NY 11973-5000, USA
We study the temperature dependence of the electrical resistivity in a system composed of critical
spin chains interacting with three dimensional conduction electrons and driven to criticality via an
external magnetic field. The relevant experimental system is Yb2Pt2Pb, a metal where itinerant
electrons coexist with localized moments of Yb-ions which can be described in terms of effective
S = 1/2 spins with dominantly one-dimensional exchange interaction. The spin subsystem becomes
critical in a relatively weak magnetic field, where it behaves like a Luttinger liquid. We theoreti-
cally examine a Kondo lattice with different effective space dimensionalities of the two interacting
subsystems. We characterize the corresponding non-Fermi liquid behavior due to the spin critical-
ity by calculating the electronic relaxation rate and the dc resistivity and establish its quasi linear
temperature dependence.
Coexistence of conduction electrons and localized mag-
netic moments leads to fascinating physics driven by
a competition between screening of the magnetic mo-
ments by the conduction electrons, and strong correla-
tions from interaction between the moments. This com-
petition plays itself differently depending on such fac-
tors as symmetry, crystal structure, disorder and space
dimensionality[1–5]. Prototypical materials for the study
of this interplay are rare earth based metals containing
a band of conduction electrons and localized moments of
strongly correlated f -electrons [6]. If the Kondo screen-
ing wins, the low energy sector behaves like a Fermi liq-
uid of heavy quasiparticles. It is usually assumed that he
opposite case characterized by a strong interspin inter-
action leads to magnetic ordering and decoupling of the
two subsystems [7]. Such a scenario, however, is likely to
be substantially modified in the case when the spin sub-
system is quasi one dimensional and hence cannot order
by itself[8]. This is exactly the case we are interested in.
In our considerations, we have been motivated by ex-
periments on Yb2Pt2Pb, a metallic compound, where
the itinerant electrons originate from Pt and Pb ions
and the local moments are formed by electrons local-
ized on the orbitals of 4f13 Yb ions[9]. In the crystal
field, these moments are reduced to the lowest j = ±7/2
Kramers doublets[10, 11]. There are several features
making Yb2Pt2Pb very special. The local moments
form a quasi one-dimensional subsystem of effective spins
S=1/2 weakly interacting with three dimensional (3D)
conduction electrons. As was found in [12], the magnetic
excitations are strongly incoherent, gapped (see also [13])
and essentially one dimensional in zero magnetic field.
The Ising-like chain is already ordered at T = 0 and
the effect of the small inter-chain coupling (of primar-
ily dipolar origin) is simply to extend this order to finite
temperatures 2K [13] without noticeably changing the
magnitude of the order parameter [12]. The exchange
interaction with the conduction electrons appears to be
weak, with no experimental indication of Kondo screen-
ing [14], particularly in zero magnetic field when the spec-
trum is gapped. However, when the field overcomes the
gap, the magnetic excitations become critical and the
3D magnetic order is strongly suppressed [13],[15]. Then
their interaction with the conduction electrons becomes
important [16]. The strongest critical fluctuations of one
dimensional magnetic chains embedded in a 3D host are
centered not at one wave vector, but on an entire plane
in 3D reciprocal space. As a consequence, scattering of
electrons with critical fluctuations is strong not just at
certain spots, but over a continuum manifold, making a
significant portion of the Fermi surface “hot”. Hence, we
expect a regime with non-Fermi-liquid (NFL) behavior,
which persists until the magnetic field exceeds an upper
critical threshold, where the magnetization saturates and
the excitation spectrum becomes gapped again. Interest-
ingly, the critical behavior is due to local moments that
are coupled to, but not hybridized with itinerant elec-
trons. Furthermore, it appears in the unique situation
of a Kondo lattice where the two interacting subsystems
have different effective space dimensionality.
To characterize the emergent NFL behavior, we pertur-
batively calculate the leading frequency and temperature
dependence of the electronic relaxation rate and dc con-
ductivity. They are strongly affected by the scattering
of electrons on the critical modes of the Yb spin sub-
system. As an advantage of the one-dimensionality, the
exact form of the low energy asymptotics of the spin-spin
correlation functions is known so that we can account for
the non-trivial dynamics of the local moments in a clear,
analytical way. We discover a distinct NFL signature in
both, conductivity and relaxation rate, induced by the
staggered part of the correlations among local moments.
In contrast, the contribution from the uniform compo-
nent is subleading. In particular, we find that for an
extended magnetic field regime, the resistivity scales lin-
early with temperature. This anomalous temperature
dependence exists for all current directions, parallel or
perpendicular to the Yb-chains. However, we find that
the absolute value of the resistivity parallel to the chains
is markedly smaller than the one perpendicular to them
due to the one dimensional character of the spin excita-
tions. This agrees with the experimental measurements
for Yb2Pt2Pb, which show an anisotropic resistivity lin-
ear in T at intermediate magnetic fields[13, 15].
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2Model The neutron-scattering experiments in
Yb2Pt2Pb can be described by a model of weakly-
interacting, anisotropic spin S=1/2 chains [12] in terms
of exact expressions of the XXZ spin-1/2 chain Hamilto-
nian with moderate Ising anisotropy leading to a small
excitation gap ∆. Here, we will study the situation when
this gap closes due to an external magnetic field and the
spins enter a Luttinger liquid phase. Due to the dipolar
origin of the interchain coupling its effect in the absence
of order becomes negligible [13, 15]. The low-energy
spin-spin correlation functions take a universal form and
do not depend on the exact microscopic model. The
only remaining memory is contained in the correlation
function exponents as shown below.
Critical modes appear at different wavevectors Q, cor-
responding to the uniform and staggered components of
the correlation functions [18–21]. For correlations par-
allel to the spin z-direction, 〈Sz(ω, q)Sz(0, 0)〉, they are
around Q = 0 and Q = pi(1 ± 2M), where M  1 is
the induced magnetization, M ∝ √h−∆, due to the
magnetic field h = gµbH. Critical 〈S+(ω, q)S−(0, 0)〉
modes appear close to Q = ±2piM and Q = pi. The
zero-temperature dynamical susceptibility corresponding
to the uniform and staggered correlation functions for the
Sz components takes the form
χuzz(iω, q‖) = χ
u,0
zz,0
q2||
ω2 + v2sq
2
||
(1)
χszz(iω, q‖) = χ
s,0
zz
1
(ω2 + v2sq
2
||)
1−K (2)
where q measures the deviation from the critical wavevec-
tor Q and the parameters label spin excitation velocity
vs and effective Luttinger liquid parameter K. The cor-
responding S+S− correlations are given by
χu+−(iω, q‖) = χ
u,0
+−
−ω2 + v2sq2
(ω2 + v2sq
2
||)
2−K−1/(4K) (3)
χs+−(iω, q‖) = χ
s,0
+−
1
(ω2 + v2sq
2
||)
1−1/(4K) (4)
where χ+−/2 = χxx = χyy due to spin rotation symme-
try around the external magnetic field. The Luttinger
liquid parameter K varies with magnetic field and de-
pends on the microscopic model. For the XXZ spin-1/2
chain, it takes values between K = 1/4 and 1, but is close
to K = 1/2 for an extended regime [17]. In summary, the
spin action becomes
Ss =
∑
i=x,y,z
∑
α=u,s
T
∑
iω
∫
p
Sαi [χ
α
i ]
−1Sαi . (5)
where
∫
p
=
∫
d3p/(2pi)3 and T
∑
iω is a summation over
Matsubara frequencies. For the array of noninteracting
chains the spin susceptibility does not depend on the per-
pendicular momenta, i.e. χαi (p‖, p⊥) = χ(p‖).
= +
FIG. 1: (a) Diagrammatic representation of the correction to
the electron self-energy without and with renormalized spin
propagator. (b) Dyson equation for the current vertex. The
empty (black) triangle with the attached dotted line denotes
the bare (full) current vertex. Solid (dashed) lines are electron
(spin) propagators.
The electronic part is assumed to be well described by
free electrons in a magnetic field, since the material is an
excellent metal
Sψ = T
∑
iω
∫
p
(iω − ξpσ)ψ†p,σψp,σ. (6)
The dispersion relation ξp,σ = p
2/(2m) − µσ accounts
for the Zeeman splitting modeled by the spin-dependent
chemical potential µσ = µ−σh with σ = ±. This defines
the Fermi vectors pFσ =
√
2mµσ and pF =
√
2mµ. We
will label the directions perpendicular and parallel to the
local spin chains by p⊥ and p‖. Both descriptions for
electrons and spins are only valid up to a momentum
cutoff Λ.
We model the coupling of the quasi one-dimensional
spinons in the Yb-chains to the 3D electrons as
Sc = JT
2
∑
ik0,ik′0
∫
k
∫
k′
V ∗kσVk′σ′ψ
†
kσσσσ′ψk′σ′S(k − k′)
(7)
The coupling J is small and only weakly hybridizes the
conduction electrons and the spins. The matrix elements
are given by the overlaps of the plane waves of conduc-
tion electrons with the wave functions of the f -electrons,
which are described by the effective spins S = 1/2. The
f -electron wave functions are spherical harmonics with
angular momentum L = 3, J = 7/2 and mL = ±3. Their
spacial parts are Vk± = Y3,±3 (k/k) ∼ (k‖ ± ik⊥,1)3/k3
with k⊥ = (k⊥,1, k⊥,2)T . In these notations, the quanti-
zation axis of the Yb moments is along k⊥,2.
In summary, the action becomes S = Ss + Sψ + Sc.
The model is similar to a generalized spin-fermion model,
however, in our case spins disperse only in one direction
and they are independent degrees of freedom with non-
trivial dynamics inherited from their local character.
Non-Fermi-liquid regime The scattering between
electrons and spinons leads to remarkable modifica-
tions in their correlation functions. In particular,
as we will demonstrate, it can destroy the Fermi
liquid character of the conduction electrons. The
3FIG. 2: (a) If spin and electron correlations are both three
dimensional, only a few hot spots or lines appear (colored
bright points), where the initial state k and the final state
k+Q are both at the FS. (b) If spins are quasi one dimensional
and electrons three dimensional a significant part of the FS is
hot (colored bright part in the sketch). The reason is that for
almost every initial k on the FS, one can find a final k+q that
is also on the FS due to the free choice of q⊥. For a spherical
FS, it depends on the ratio Q/kF which part of the FS is hot.
If Q < kF the whole FS is hot.
corresponding information is encoded in the imagi-
nary part of the electron self-energy - the relaxation
rate. The general form of the one-loop electron self-
energy is shown in Fig. 1 and reads Σσ(iω,k) =
J2
∑
i,α T
∑
iν
∫
q
|Vkσ|2|Vk+qσ′ |2χαi (iν, q‖)Gσ′(iω+iν,k+
q) with the bare electron propagator G−1σ (iω, k) = iω −
ξkσ. In principle, we have to sum over all critical spin
modes χαi in this expression, but we found that the lead-
ing contribution comes from the staggered modes (χszz
and χs+−) and we will focus on them in the following.
The one-loop self-energy due to the uniform modes is
given in the supplemental material (SM).
A special feature of our model is that due to the one
dimensional character of the spin excitations these stag-
gered modes affect a significant part of the FS. The dom-
inant contribution to the self-energy on the FS comes
from states, where the propagators G and χ are singular,
i.e. k and k + q are close to the FS and q is close to
Q. Typically for large Q, only small parts of the FS be-
come “hot” so that their effect is limited. But due to the
one-dimensional spin excitations, only the parallel com-
ponent q‖ ≈ Q is restricted in our case and we can use
the perpendicular component q⊥ to reach a final state on
the FS. This defines an entire continuum manifold of hot
states on the FS. The mechanism is sketched in Fig. 2.
In the following, we will be interested in the frequency
dependence of the self-energy. It is thus sufficient to con-
sider the FS-averaged relaxation rate
Γσ(ω) = −
∫
p
δ(ξpσ)
Nσ
ImΣRσ (ω,p), (8)
with the retarded self-energy ΣR(ω,p) and the density of
states at the σ-FS Nσ = pFσm/(2pi
2).
The resulting FS-averaged relaxation rate due to scat-
tering with staggered spin modes is
Γσ(ω) ≈ NσCσσω2K +Nσ¯Cσσ¯ω 12K (9)
with σ¯ = −σ and the prefactors including the av-
eraged coupling Cσσ′ =
χ0
σσ′ sin(γσσ′pi)
vs(1−γσσ′ ) V̂
2 and V̂ 2 =
J2
∫
p
∫
q
δ(ξσp)δ(ξσ′p+q+Q
σσ′
)
NσNσ′
|Vσp|2|Vσ′p+q+Qσσ′ |2. In this
notation, χσσ = χzz, χσσ¯ = χ+− and γσσ = 1 − K,
γσσ¯ = 1− 1/(4K). Details of the calculation are given in
the SM. We find that the scaling of the averaged relax-
ation rate depends on the Luttinger parameter K, which
varies with the magnetic field.
Additionally, we can include the electron dynamics
into the spin susceptibility and compute the electron
self-energy with the renormalized spin propagator (see
Fig. 1). In contrast to the “conventional” spin-fermion
model, the spins in our heavy-fermion system are in-
dependent degrees of freedom, not composite quasipar-
ticles from electron-hole excitations. This means that
the corrections to the spin susceptibility become impor-
tant for energies much smaller than the Fermi energy
ω < vsΛ  EF . We are, however, interested in exactly
this low-energy regime. The electron-renormalized spin
propagator becomes χ−1(ω, q) = χ−1bare(ω, q) + Π(ω, q).
The real part of the polarization operator Π′ is ap-
proximately constant. The imaginary part depends on
the characteristic momentum transfer mediated by the
spins. For large momentum transfers it takes the form
[22] Π(ω, q) ≈ −Πr − iτq⊥ω, where the momentum-
dependence of the imaginary part is mainly due to per-
pendicular momenta as indicated by the subscript be-
cause q‖ ≈ Q. The leading contribution to the electron
scattering rate incuding the polarization bubble in the
spin correlation functions is then modified to (see SM)
Γσ(ω) =
∑
σ′
Nσ′Cσσ′ω. (10)
We see that, if one takes into account the renormalization
of the spin susceptibility by the conduction electrons, the
result shows a linear scaling, independent of the value of
the Luttinger liquid exponent.
Conductivity The temperature dependence of the re-
sistivity is one of the hallmarks of NFL behavior. In a
Fermi liquid, it is typically quadratic with temperature.
In contrast, in this section, we show that the resistivity
scales linearly with T in the field-induced critical regime
Furthermore, since the scattering is caused by the one-
dimensional chains, the coefficient of the linear T -term
turns out to be different for the directions parallel and
perpendicular to the chains. For simplicity, we will per-
form the calculations at zero temperature and assume
that the scaling with temperature is the same as the scal-
ing with frequency (see SM).
The dc conductivity can be expressed in terms of the
Kubo formula as
σσ‖/⊥ ≈
6e2nσ
c‖/⊥m
∫
d
2pi
(
−dnF
d
)
γ
‖/⊥
σ ()
Γσ()
(11)
with ci = 1 + δi,⊥ and the number density nσ =
p3Fσ/(6pi
2). γσ denotes the scalar part of the current
4vertex Γσ = pγσ and we define its FS-average for the
different directions γ
‖/⊥
σ () =
1
Nσ
∫
p
p2‖/⊥
p2 δ(ξσp)γσ(p,  −
i0+,  + i0+). Their sum, in turn, is the average of
the scalar current vertex γσ() = γ
‖
σ() + γ⊥σ () =
1
Nσ
∫
p
δ(ξσp)γσ(p,  − i0+,  + i0+). The approximations
used here and in the following are explained in the SM.
They only affect prefactors, but lead to the correct scal-
ing behavior [24, 25].
For the correct scaling of the conductivity, vertex cor-
rections are usually important because they weight the
scattering events appropriately [23]. The vertex correc-
tions can be determined from the Dyson equation for
the current vertex, whose diagrammatic representation
is shown in Fig. 1. This leads to
p2i γσ(p, ip, ip+ iω)
= p2i + J
2
∑
σ′
T
∑
iq
∫
q
|V (p)|2|V (q)|2χσσ′(iq − ip, q − p)
×G(iq, q)G(iq + iω, q)piqiγσ′(q, iq, iq + iω) (12)
with i = ‖,⊥. The resulting scalar current vertex is
constant to the leading order:
γσ ≈ 1
1− f +O(h/EF ), (13)
with f = 1−Q2/(2p2F )+O(h/EF ) and we have neglected
terms of order of the magnetic field over the Fermi energy
h/EF  1. The full expression is given in the SM. As
used before, Q is the typical momentum transfer parallel
to the chains. To estimate the relative magnitude of γ
‖
σ
and γ⊥σ , we solve Eq. (12) for γ
⊥
σ . In the integral, χ
only depends on q‖ and p‖ and the interaction and the
Green’s functions are even with respect to q⊥ → −q⊥.
In contrast, p⊥q⊥ is odd. Thus the constant
γ⊥σ =
1
Nσ
∫
p
δ(ξσp)
p2⊥
p2
=
2
3
(14)
is the solution of the equation for the vertex γ⊥σ . This
result comes from the one-dimensionality of the spin cor-
relations and is independent of the exact form of the in-
teraction |V |2 as long as the interaction is symmetric
under inversion. It further follows that
γ‖σ = γσ − γ⊥σ ≈
2p2F
Q2
− γ⊥σ . (15)
Thus, we find that the direction-resolved scalar current
vertices are constant to leading order. Then the scaling of
the conductivities is given by the scaling of the relaxation
rate. The reason for this is, on the one hand, that vertex
corrections for γ⊥σ are negligible and on the other hand,
that Q is finite (for Q → 0, f → 1 and γσ is no longer
constant).
In summary, we obtain for the different resistivities
ρ‖,⊥σ =
1
σσ‖,⊥
∝ c‖,⊥
γ
‖,⊥
σ
Γσ(T ) (16)
This means linear scaling in temperature independent of
K if the polarization Π is added to the calculation and
Γσ(T ) ∝ T . For higher energies, when the renormal-
ization by Π can be neglected, we found for the leading
behavior Γσ ∝ T 2K if 1/4 < K < 1/2 and Γσ ∝ T 12K
if 1/2 < K < 1. In this case, we still obtain approx-
imately linear scaling, because for the Heisenberg-Ising
chain K ≈ 1/2 for a significant part of the critical field
regime [17]. Furthermore we can estimate the ratio of
parallel and perpendicular resistivity, which depends on
the ratio of Q to pF . This, in turn, is a measure for the
“hotness” of the FS (Fig. 2). For example, if a dominant
part of the FS is hot and Q . pF , we find
ρ‖ < ρ⊥/4. (17)
The relative smallness of the parallel resistivity can be
traced back to the negligible corrections of the current
vertex perpendicular to the chains, which vanish because
of the different dimensionality of the conduction electrons
and the local moments.
Conclusion We have studied a field-induced NFL
regime motivated by the heavy-fermion metal Yb2Pt2Pb.
In this material, there are two weakly coupled subsys-
tems - itinerant electrons from Pb and Pt and localized
moments from Yb atoms. The low energy physics are de-
termined by the fact that these subsystems have different
effective space dimensionality: magnetic excitations can
be described by one-dimensional spin-1/2 chains, while
conduction electrons disperse in three dimensions [12].
In a sufficiently strong magnetic field, the magnetic ex-
citations become critical. Here the difference in the di-
mensionalities comes to the fore because the spin fluc-
tuations being one-dimensional are critical on an entire
plane in 3D momentum space. This greatly strength-
ens the scattering of the conduction electrons. We have
calculated the resulting electronic relaxation rate and dc
conductivity using the exact expressions for the critical
spin correlations functions in 1D and found a clear NFL
regime for intermediate magnetic fields. In this regime,
where the spins are in the Luttinger liquid phase, the
relaxation rate and conductivity scale approximately lin-
early with frequency or temperature due to scattering on
staggered spins fluctuations. Furthermore we have given
an estimate for the anisotropy of the resistivities parallel
and perpendicular to the chains. The parallel resistivity
is markedly smaller, because vertex corrections for the
perpendicular resistivity vanish.
In summary, we expect the following behavior for
Yb2Pt2Pb in a magnetic field in agreement with experi-
ment [15]. At small magnetic fields, the spin excitations
are gapped and scattering off them is suppressed at low
temperatures. The conductivity can be understood in
terms of a conventional Fermi-liquid. With increasing
magnetic field, the gap closes and the electron dynamics
is altered through scattering with the spins as revealed
by the NFL-scaling of the conductivity. Increasing the
magnetic field further leads to saturation of the magneti-
zation of the spins. A new gap emerges in their excitation
5spectrum and we return to the Fermi liquid description.
Our results characterize a novel form of criticality in a
system with coupled local and itinerant degrees of free-
dom beyond the Doniach paradigm, with different, ef-
fective space dimensionality of the subsystems. Besides
their general interest with regard to criticality due to
localized moments, they could also be of relevance for
further compounds of the series R2T2M (R = rare earths
or actinides; T = transition metals; M = Cd, In, Sn,
and Pb) and other systems in the regime of weak Kondo
screening. In general, it would be exciting to identify
other materials where the coupling to a critical subsys-
tem with different effective dimensionality induces NFL
behavior in the electronic sector.
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Appendix A: Details of the calculations
1. Spin susceptibilities at finite temperature
For completeness we give the spin correlation functions for finite temperature. The susceptibility of commensurate,
uniform SzSz modes is unchanged compared to Eq. (2) in the main text. The remaining susceptibilities are
χic,Rz (ν, q) = χ
c
z,0T
−2γσσB
(1− γσσ
2
− iν + vsq
4piT
, γσσ
)
B
(1− γσσ
2
− iν − vsq
4piT
, γσσ
)
(A1)
χc,R+−(ν, q) = χ
c
+−,0T
−2γσσ¯B
(1− γσσ¯
2
− iν + vsq
4piT
, γσσ¯
)
B
(1− γσσ¯
2
− iν − vsq
4piT
, γσσ¯
)
(A2)
χic,R+− (ν, q) = χ
ic
+−,0T
2−2β
[
B
(3− β
2
− iν + vsq
4piT
, β − 2
)
B
(1− β
2
− iν − vsq
4piT
, β
)
+B
(1− β
2
− iν + vsq
4piT
, β
)
B
(3− β
2
− iν − vsq
4piT
, β − 2
)]
(A3)
with γσσ = 1−K, γσσ¯ = 1−1/(4K) and β = 2−K−1/(4K). The Beta function is given by B(x, y) = Γ(x)Γ(y)/Γ(x+y)
with the Gamma function Γ. We see that they scale with temperature as with frequency: T−2γσσ′ and T 2−2β and
the remaining dependence is of the form ν/T . Thus, we can obtain the leading temperature scaling of the relaxation
rates for vanishing frequency by performing the calculations at zero temperature and replacing the resulting scaling
with frequency by the one with temperature.
2. General form of the electron self-energy
We are interested in how the coupling between spinons and electrons affects electronic properties. Therefore we will
calculate the electron self-energy Σσ(iω, k) defined through the propagator G
−1
σ (iω, k) = iω − ξσ,k − Σσ(i, ω). The
self-energy is given by
Σσ(iω,k) = J
2
∑
i,σ′
T
∑
iν
∫
d3q
(2pi)3
|V (k)|2|V (q + k)|2χiσσ′(ν, q‖)G(iω + iν,k + q)
= J2
∑
i,σ′
T
∑
iν
∫
d3q
(2pi)3
∫
dx
pi
|V (k)|2|V (q + k)|2Imχi,Rσσ′(x, q‖)
1
iν − xG(iω + iν,k + q)
= J2
∑
i,σ′
∫
d3q
(2pi)3
∫
dx
pi
|V (k)|2|V (q + k)|2Imχi,Rσσ′(x, q‖)
1
iω + x− ξσ′(k + q)
(
nB(x) + nF (ξσ′(k + q))
)
(A4)
6with |V (p)|2 =
(
p2‖+p
2
⊥,1
p2
)3
. Then the imaginary part of the retarded self-energy becomes
ImΣRσ (ω,k) = −J2
∑
i,σ′
∫
d3q
(2pi)3
∫
dx
pi
|V (k)|2|V (q + k)|2Imχi,Rσσ′(x, q‖)piδ
(
ω + x− ξσ′(k + q)
)
(nB(x) + nF (ξσ′(k + q)))
= −J2
∑
i,σ′
∫
d3q
(2pi)3
|V (k)|2|V (q + k)|2Imχi,Rσσ′(ξσ′(k + q)− ω, q‖)
(
nB(ξσ′(k + q)− ω) + nF (ξσ′(k + q)
)
= −J2
∑
i,σ′
∫
d3q
(2pi)3
|V (k)|2|V (q)|2Imχi,Rσσ′(ξσ′(q)− ω, q‖ − k‖)
(
nB(ξσ′(q)− ω) + nF (ξσ′(q)
)
. (A5)
The dominant contribution to the self-energy comes from states in the vicinity of the FS. If the momentum transfer
q − p is small, this is true for the whole FS. In case q‖ − p‖ ∼ Q is large, this still concerns a significant part of the
FS, because when the final q‖ 6= k′F , we can use the transverse component q⊥ to reach a final state on the FS (see
Fig. 2 in the main text). In the following, we will consider the FS-average of the relaxation rate and use that initial
and final states close the the FS give the dominant contribution. We define
Γσ(ω) = − 1
Nσ
∫
p
δ(ξσp)ImΣ
R
σ (p, ω)
= J2
∑
i,σ′
∫
p
∫
q
δ(ξσp)
Nσ
|V (p)|2|V (q)|2Imχi,Rσσ′(ξσ′(q)− ω, q‖ − p‖)
(
nB(ξσ′(q)− ω) + nF (ξσ′(q)
)
≈ J2
∑
i,σ′
Nσ′
∫
p
∫
q
δ(ξσp)δ(ξσ′q)
NσNσ′
|V (p)|2|V (q)|2
∫
dξImχi,Rσσ′(ξ − ω, q‖ − p‖)
(
nB(ξ − ω) + nF (ξ)
)
= J2
∑
i,σ′
Nσ′
∫
du
(
nB(u) + nF (u+ ω)
)∫
p
∫
q
δ(ξσp)δ(ξσ′q)
NσNσ′
|V (p)|2|V (q)|2Imχi,Rσσ′(u, q‖ − p‖)
= J2
∑
i,σ′
Nσ′
∫
du
(
nB(u) + nF (u+ ω)
)∫
p
∫
q
δ(ξσp)δ(ξσ′q+p+Q)
NσNσ′
|V (p)|2|V (q + p+Q)|2Imχi,Rσσ′(u, q‖ +Q)
=:
∑
i,σ′
Nσ′
∫
du
(
nB(u) + nF (u+ ω)
)
Γiσσ′(u) (A6)
with Q parallel to the chain-direction and
∫
p
=
∫
d3p/(2pi)3. The density of states for a spherical FS is Nσ =
pFσm/(2pi
2). Due to simplicity, we will perform the following calculations at zero temperature and then assume that
the scaling with frequency is the same as the one with temperature. For zero temperature nB(u) + nF (u + ω) →
(sgn(u)− sgn(u+ ω))/2.
3. Relaxation rate due to staggered modes and comparison with numerical evaluation
In the main text, we have considered the contribution to the self-energy due to scattering with staggered, commen-
surate (S+S−) and incommensurate (SzSz) spin modes. The corresponding spin susceptibilities are given by
ImχRσσ′(ν, q‖) = χ
0
σσ′ sin(γσσ′pi)sgn(ν)
Θ(ν2 − v2sq2‖)
| − ν2 + v2sq2‖|γσσ′
(A7)
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FIG. 3: Test of the approximations used in the analytical calculation for scattering with the modes at pi and pi(1± 2M). The
integral I(u) =
∫
p
∫
q
δ(ξσp)δ(ξσ′q+p+Q)
NσNσ′
|V (p)|2|V (q + p + Q)|2ImχR(u, q‖ +Q) is numerically evaluated (dots) and the scaling
compared to the analytical expression I(u) ∝ u1−2γ (solid) for γ = 3/4 and γ = 1/2.
with γσ,σ¯ = 1 − 1/(4K) (σ¯ = −σ) and γσ,σ = 1 − K. To obtain the corresponding frequency dependence of the
self-energy, we use the following analytical approximations
Γcσσ′(ω) =
J2χc,0+− sin γpi
2
∫
du(sgn(u)− sgn(u+ ω))
∫
p
∫
q
sgn(u)
Θ(u2 − v2sq2‖)
|u2 − v2sq2‖|γ
|V (p)|2|V (q + p+Q)|2 δ(ξσp)δ(ξσ¯p+q+Q)
NσNσ¯
≈ J
2χc,0+− sin γpi
2
∫
du(1− sgn(u)sgn(u+ ω)) 1|u|2γ
∫
p
∫
q
Θ(u2 − v2sq2‖)|V (p)|2|V (q + p+Q)|2
δ(ξσp)δ(ξσ¯p+q+Q)
NσNσ¯
≈ J
2χc,0+− sin γpi
2
∫
du(1− sgn(u)sgn(u+ ω)) 2|u|
vs|u|2γ
∫
p
∫
q
|V (p)|2|V (q + p+Q)|2 δ(ξσp)δ(ξσ¯p+q+Q)
NσNσ¯
δ(q‖)
≈ χ
c,0
+− sin γpi
2
∫
du(1− sgn(u)sgn(u+ ω)) 2|u|
vs|u|2γ V̂
2
=
χc,0+− sin γpi
vs
1
1− γ V̂
2|ω|2−2γ
∝
{
|ω| 12K σ′ = σ
|ω|2K σ′ = −σ (A8)
with V̂ 2 = J2
∫
p
∫
q
|V (p)|2|V (q+ p+Q)|2 δ(ξσp)δ(ξσ¯p+q+Q)NσNσ¯ . Here, we have discarded terms of higher order in frequency
than the leading term ω2−2γ and approximated the prefactor by the average of the squared coupling due to simplicity.
To check our approximations, we have calculated, the momentum integral in the first line numerically. The result is
shown in Fig. 3. Indeed, we obtain the correct scaling with our analytical analysis.
Let us also note that formally, we have to distinguish
χsσσ(iω, q‖) = χ
s,0
σσ
1
(ω2 + v2sq
2
||)
1−K if K < 1 (A9)
χsσσ(iω, q‖) = χ
s,0
σσ ln
(vsΛ)
2
ω2 + v2sq
2
||
if K = 1, (A10)
In the case K ≈ 1 of incommensurate SzSz modes; the imaginary part of the spin susceptibility is then
Imχic,Rz (ν, q) = χ
ic,0
z pisgn(ν)Θ(ν
2 − v2sq2) (A11)
Hence we find for the incommensurate modes around pi(1± 2M)
Γicσσ(ω) ≈
J2χic,0z pi
2
∫
(1− sgn(u)sgn(u+ ω))2|u|
vs
∫
p
∫
q
|V (p)|2|V (q + p+Q)|2 δ(ξσp)δ(ξσp+q+Q)
N2σ
=
J2χic,0z pi
vs
ω2
∫
p
∫
q
|V (p)|2|V (q + p+Q)|2 δ(ξσp)δ(ξσp+q+Q)
N2σ
(A12)
which coincides with the limit K → 1 of the expression for general K.
84. Relaxation rate from uniform spin correlations
To perform the integrals in the general expression for the electron self-energy, we have to take the different spin
susceptibilities into account. Here we present the calculations for the subleading modes, which have been omitted in
the main text. We will use the same approximations as for the staggered modes, which we checked numerically above.
For the commensurate SzSz correlations, we have
Imχc,Rz (ν, q) = χ
c,0
z pisgn(ν)q
2
zδ(−ν2 + v2sq2) (A13)
For zero temperature, this leads to
Γcσσ(ω) =
J2χc,0z pi
2
∫
du(sgn(u)− sgn(u+ ω))
∫
p
∫
q
q2‖sgn(u)δ(u
2 − v2sq2‖)
(
p2‖ + p
2
⊥,1
p2
)3(
(q‖ + p‖)2 + (q⊥,1 + p⊥,1)2
(q + p)2
)3
× δ(ξσp)δ(ξσp+q)
N2σ
=
J2χc,0z pi
2
∫
du(1− sgn(u)sgn(u+ ω))
∫
p
∫
q
|q‖|
2v2s
(
δ(q‖ − u
vs
) + δ(q‖ +
u
vs
)
)(
p2‖ + p
2
⊥,1
p2
)3
×
(
(q‖ + p‖)2 + (q⊥,1 + p⊥,1)2
(q + p)2
)3
δ(ξσp)δ(ξσp+q)
N2σ
=
J2χc,0z pi
2
∫ |ω|
0
du2
|u|
2v3s
∫
p
∫
d2q⊥
(2pi)3
(
p2‖ + p
2
⊥,1
p2
)3
δ(ξσp)
N2σ
[
|V (q + p)|2δ(ξσp+q)|q‖= uvs + |V (q + p)|
2δ(ξσp+q)|q‖=− uvs
]
≈ J
2χc,0z pi
2v3s
ω2
∫
p
∫
q
|V (p)|2|V (q + p)|2 δ(ξσp)δ(ξσp+q)
N2σ
(A14)
Similarly, to lowest order in ω, the FS-averaged relaxation rate due to incommensurate S+S− modes around ±2piM
with
Imχic,R+− (ν, q) = χ
ic,0
+− sin(βpi)sgn(ν)
ν2 + v2sq
2
‖
| − ν2 + v2sq2|β
Θ(ν2 − v2sq2) β = 2−K −
1
4K
(A15)
is
Γicσσ¯(ω) =
J2χic,0+− sinβpi
2
∫
du(sgn(u)− sgn(u+ ω))
∫
p
∫
q
sgn(u)
u2 + v2sq
2
‖
|u2 − v2sq2‖|β
Θ(u2 − v2sq2‖)|V (p)|2|V (q + p+Q)|2
× δ(ξσp)δ(ξσ¯p+q+Q)
NσNσ¯
≈ J
2χic,0+− sinβpi
2
∫
du(1− sgn(u)sgn(u+ ω))2|u|
vs
u2
|u|2β
∫
p
∫
q
|V (p)|2|V (q + p+Q)|2 δ(ξσp)δ(ξσ¯p+q+Q)
NσNσ¯
=
J2χic,0+− sinβpi
vs
1
2− β |ω|
4−2β
∫
p
∫
q
|V (p)|2|V (q + p+Q)|2 δ(ξσp)δ(ξσ¯p+q+Q)
NσNσ¯
∝ |ω|2K+ 12K (A16)
In the Luttinger liquid regime, K varies between 1/4 and 1 and for an extended magnetic field regime it is close to
1/2. Thus, the leading contribution to the full relaxation rate Γσ(ω) =
∑
i,σ′ Nσ′
∫
du(nB(u) +nF (u+ω))Γ
i
σσ′ comes
from Γicσσ and Γ
c
σσ¯, i.e. the staggered SzSz and S+S− modes around Q ∼ pi(1± 2piM) and Q ∼ pi, respectively. This
is why we focus on them in the main text.
95. Adding the polarization bubble
When adding the polarization bubble to the bare spin propagator, i.e. χ−1(ν, q) = χ−1bare(ν, q) + Π(ν, q) with
Π(ν, q) ≈ −Πr − iτq⊥ν, the imaginary part of the spin propagator becomes
Imχi,Rσσ′(ν, q) =χ
i,0
σσ′ Θ(ν
2 − v2sq2)
τ˜q⊥ν + sgn(ν) sin(γipi)| − ν2 + v2sq2|γi(
− Π˜r + cos(γipi)| − ν2 + v2sqq|γi
)2
+
(
τ˜q⊥ν + sgn(ν) sin(γipi)| − ν2 + v2sqq|γi
)2
+χi,0σσ′ Θ(v
2
sq
2 − ν2) τ˜q⊥ν
τ˜2q⊥ν
2 +
(
− Π˜r + | − ν2 + v2sq2|γi
)2 (A17)
with γi = γσσ, γσσ¯ and τ˜ = χ0τ , Π˜r = χ0Πr. The contribution from small internal frequencies in the lower row
induces behavior linear in frequency. For sufficiently small τν, this contribution looks like a Delta distribution and
we obtain
Γσσ′ =
J2χi,0σσ′pi
2
∫
du(1− sgn(u)sgn(u+ ω))
∫
p
∫
q
Θ(v2sq
2
‖ − u2)δ(−Π˜r + |u2 − v2sq2‖|γi)|V (p)|2|V (p+ q +Q)|2
× δ(ξσp)δ(ξσ′p+q+Q)
NσNσ′
=
J2χi,0σσ′pi
2
∫
du(1− sgn(u)sgn(u+ ω))
∫
p
∫
q
Θ(v2sq
2
‖ − u2)
δ(q‖ + 1vs
√
Π˜
1/γi
r + u2) + δ(q‖ − 1vs
√
Π˜
1/γi
r + u2)
2vsγiΠ˜
1−1/γi
r
√
Π˜
1/γi
r + u2
× |V (p)|2|V (p+ q +Q)|2 δ(ξσp)δ(ξσ′p+q+Q)
NσNσ′
≈ J
2χi,0σσ′pi
2
∫
du2
1− sgn(u)sgn(u+ ω)
2vsγiΠ˜
1−1/(2γi)
r
∫
p
∫
q
|V (p)|2|V (p+ q +Q)|2 δ(ξσp)δ(ξσ′p+q+Q)
NσNσ′
=
J2χi,0σσ′pi
vsγiΠ˜
1−1/(2γi)
r
|ω|
∫
p
∫
q
|V (p)|2|V (p+ q +Q)|2 δ(ξσp)δ(ξσ′p+q+Q)
NσNσ′
(A18)
We see that the result scales linearly in frequency.
6. Conductivity
a. General Form
The conductivity is given by the retarded current-current correlation function (we are interested in the diagonal
compontents)
σa(ω, q) =
i
ω
ΠRja(ω, q), (A19)
Πja(iω, q) = −
1
V
∫ β
0
dτeiωτ 〈Tτ ja(τ, q)ja(0, q)〉 (A20)
with volume V , time ordering Tτ and a-component of the current operator j. The dc conductivity is obtained by
taking the limits q → 0, and then ω → 0 of the expression with the retarded current correlation function (order of
limits is important). In our case, we have to distinguish the current for spin up and down j = j↑ + j↓, so that we
consider σ = σ↑ + σ↓ = iω
[
ΠRj,↑(ω, q) + Π
R
j,↓(ω, q)
]
. Let us define the current vertex Γσa = paγσ. Then the static
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current-current correlation function becomes
piσa (iω) = lim
q→0
Πja,σ(iω, q)
=
2e2
m2
∫
d3p
(2pi)3
T
∑
ip
Gσ(ip,p)Gσ(ip+ iω,p)paΓ
σ
a(p, ip, ip+ iω)
=
2e2
m2
∫
d3p
(2pi)3
p2aT
∑
ip
Gσ(ip,p)Gσ(ip+ iω,p)γσ(p, ip, ip+ iω) (A21)
In our case, we want to distinguish directions parallel and perpendicular to the chains, i.e. we consider
piσ‖ (iω) =
2e2
m2
∫
d3p
(2pi)3
p2‖T
∑
ip
Gσ(ip,p)Gσ(ip+ iω,p)γσ(p, ip, ip+ iω) (A22)
piσ⊥(iω) =
e2
m2
∫
d3p
(2pi)3
p2⊥T
∑
ip
Gσ(ip,p)Gσ(ip+ iω,p)γσ(p, ip, ip+ iω), (A23)
where the factor of 1/2 is added because both perpendicular directions yield the same result so that piσ⊥ = pi
σ
x = pi
σ
y .
After evaluating the Matsubara summation, the dc conductivity becomes (Ref. [23] Ch. 8.4.2)
σσ‖/⊥ =
1
1 + δ⊥,‖/⊥
e2
m2
∫
d3p
(2pi)2
p2‖/⊥
∫
d
2pi
(
−dnF
d
)
×
[
Gσ(p, + iδ)Gσ(p, − iδ)γσ(p, − iδ, + iδ) + Re
(
G2σ(p, + iδ)γσ(p, + iδ, + iδ)
)]
(A24)
The second term in the brackets will vanish by doing the integration over ξ = p2/(2m)− µ, which is why we will not
consider it in the following. Furthermore, we use that due to the Green’s functions, the dominant contribution comes
from momenta close to the FS and that we are only interested in scaling with frequency or temperature, i.e. we can
replace |Gσ|2 ≈ δ(ξσp)/Γ(). This leads to
σσi ≈
2e2
cim2
∫
d
2pi
(
−dnF
d
)∫
p
p2i
δ(ξσp)
Γσ()
γσ(p, )
=
2e2
cim2
∫
d
2pi
(
−dnF
d
)
1
Γσ()
p2Fσ
∫
p
p2i
p2
δ(ξσp)γσ(p, )
=
6e2nσ
cim
∫
d
2pi
(
−dnF
d
)
1
Γσ()
1
Nσ
∫
p
p2i
p2
δ(ξσp)γσ(p, )
=:
6e2nσ
cim
∫
d
2pi
(
−dnF
d
)
γiσ()
Γσ()
(A25)
with ci = 1 + δi⊥, γσ(p, ) = γσ(p,  − iδ,  + iδ), density of states Nσ = pFσm/(2pi2) and number density nσ =
p3Fσ/(6pi
2). We have defined the FS-averaged, scalar current vertex γiσ() =
1
Nσ
∫
p
p2i
p2 δ(ξσp)γσ(p, ). We observe that
γσ() =
1
Nσ
∫
p
δ(ξσp)γσ(p, ) =
1
Nσ
∫
p
p2‖ + p
2
⊥
p2
δ(ξσp)γσ(p, ) = γ
‖
σ() + γ
⊥
σ () (A26)
b. Vertex function
To obtain the scalar vertex functions γ
⊥/‖
σ , we sum the ladder diagrams for the current vertex. This leads to the
Dyson equation for the vertex of the form
pγσ(p, ip, ip+ iω) =p+ J
2
∑
σ′
T
∑
iq
∫
q
|V (p)|2|V (q)|2χσσ′(iq − ip, q − p)G(iq, q)G(iq + iω, q)qγσ′(q, iq, iq + iω).
(A27)
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After performing the Matsubara summation and again approximating |Gσ|2 ≈ δ(ξpσ)Γσ() , the equation for γσ(p, − iδ, +
iδ) becomes
pγσ(p, ) =p+ J
2
∑
σ′
∫
dx
∫
q
|V (p)|2|V (q)|2ImχRσσ′(x, q − p) [nB(x) + nF (+ x)]
δ(ξqσ′)
Γσ′(+ x)
qγσ′(q, + x). (A28)
Thus the averages over the Fermi surface satisfy
γiσ() =
∫
p
δ(ξpσ)
Nσ
p2i
p2
γσ(p, )
= mi + J
2
∑
σ′
Nσ′
∫
dx
∫
p
∫
q
|V (p)|2|V (q)|2ImχRσσ′(x, q − p) [nB(x) + nF (+ x)]
δ(ξpσ)δ(ξqσ′)
NσNσ′
piqi
p2
γσ′(q, + x)
Γσ′(+ x)
.
(A29)
with
mi =
∫
p
δ(ξpσ)
Nσ
p2i
p2
(A30)
and
γσ() =
∫
p
δ(ξpσ)
Nσ
γσ(p, )
= 1 + J2
∑
σ′
Nσ′
∫
dx
∫
p
∫
q
|V (p)|2|V (q)|2ImχRσσ′(x, q − p) [nB(x) + nF (+ x)]
δ(ξpσ)δ(ξqσ′)
NσNσ′
pq
p2
γσ′(q, + x)
Γσ′(+ x)
= 1 + J2
∑
σ′
Nσ′
∫
dx
∫
p
∫
q
|V (p)|2|V (q)|2ImχRσσ′(x, q − p) [nB(x) + nF (+ x)]
δ(ξpσ)δ(ξqσ′)
NσNσ′
pq
p2
× 1
Γσ′(+ x)
∫
dx
∫
q
δ(ξqσ′)
Nσ′
γσ′(q, + x)
= 1 +
∑
σ′
Nσ′
∫
du[nB(u) + nF (u+ )]Iσσ′(u)
γσ′(+ u)
Γσ′(+ u)
. (A31)
In the last line we have defined Iσσ′(u) = J
2
∫
p
∫
q
|V (p)|2|V (q)|2ImχRσσ′(u, q−p) δ(ξpσ)δ(ξqσ′ )NσNσ′
pq
p2 . The integral Iσσ′ can
be rewritten as a sum of relaxation rate and a transport rate
Iσσ′ = J
2
∫
p
∫
q
|V (p)|2|V (q + p+Qσσ′)|2ImχRσσ′(u, q +Qσσ′)
δ(ξpσ)δ(ξq+p+Qσ′)
NσNσ′
p(q + p+Qσσ′)
p2
(A32)
with Qσσ = pi(1± 2piM) and Qσσ¯ = pi. The product (p− (q + p+Q))2 = p2Fσ + p2Fσ′ − 2p(q + p+Q) = (Q+ q)2 =
Q2 + 2Qq + q2, so that
Iσσ′ = J
2
∫
p
∫
q
|V (p)|2|V (q + p+Qσσ′)|2ImχRσσ′(u, q +Qσσ′)
δ(ξpσ)δ(ξq+p+Qσ′)
NσNσ′
×
(
p2Fσ + p
2
Fσ′ −Q2σσ′
2p2Fσ
− q(2Qσσ′ + q)
2p2Fσ
)
= fσσ′Γσσ′ − Γtσσ′ (A33)
with fσσ′ =
p2Fσ+p
2
Fσ′−Q2σσ′
2p2Fσ
≈ 1 − Q2/(2p2F ) + O(h/EF ) and Γtσσ′ = J2
∫
p
∫
q
|V (p)|2|V (q + p + Q)|2ImχRσσ′(u, q +
Q)
δ(ξpσ)δ(ξq+p+Qσ′ )
NσNσ′
q(2Q+q)
2p2Fσ
. To solve the equation for the current vertex γσ(), we approximate
γσ′ (+x)
Γσ′ (+x)
→ γσ′ ()Γσ′ () ,
which has been shown to lead to the correct low-energy scaling [25]. Due to the additional factor in the transport
relaxation rate Γtσσ′ , the leading frequency dependence comes from Iσσ′ ≈ fσσ′Γσσ′ . With this, the scalar current
vertex is given by
γσ = Γ
Γ + fσσ¯Γ+− − fσ¯σ¯Γz
Γ2 − fσσ¯fσ¯σΓ2+− − (fσσ + fσ¯σ¯)ΓΓz + fσσfσ¯σ¯Γ2z
≈ 1
1− f +O(h/EF ), (A34)
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where we have neglected terms of order of the magnetic field over the Fermi energy h/EF  1 and f = 1−Q2/(2p2F ).
We cited this result in the main text. Note that this is only the leading contribution for a finite Q: if Q ≈ 0 and
f → 1, this contribution vanishes and the leading behavior is of the form γσ = Γσ/Γtσ with Γtσ =
∑
σ′ Nσ′
∫
du[nB(u)+
nF (u+ )]Γ
t
σσ′(u).
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